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1. Lakatos as the starting point.
Taking into account that almost any historical outline is partially a reconstruction, one wants nevertheless to find a historical starting or turning point of a sufficiently symbolic nature. Or, if you like, if the philosophy of mathematics underwent a similar change as the one that “shook” the philosophy of science (at least, according to some), then it seems fair[footnoteRef:2] to take Imre Lakatos’s 1976 seminal Proofs and Refutations [Lakatos 1976], a work that was in part inspired by Georg Pólya’s How to Solve It [Pólya 1945] which discusses heuristics and problem-solving techniques in an educational setting. Its focus on mathematical practice was clear by the mere fact that it boldly presented nothing less than a “logic” of mathematical discovery. What did the book offer? Nothing less but the history of a mathematical statement and its proofs. That fact alone should amaze everybody for is not mathematics supposed to be timeless, eternal even, unchangeable for sure and is mathematical proof not supposed to be absolutely certain, undoubtable, secure? This implies that, if a proof is found for a statement A, then A has been proven and that is that. To which is usually added: and a wrong proof is not a proof, it is just wrong. Lakatos disagrees and takes as an example the statement that for polyhedra (in three-dimensional Euclidean space), V(ertices) – E(dges) + F(aces) = 2. Take, e.g., a cube. There are 8 vertices, 12 edges and 6 faces and indeed 8 – 12 + 6 = 2. Euler himself had found an ingenious proof or so he believed. As soon as the proof was around, counterexamples appeared, making it necessary to (sometimes seriously) modify the proof and, in that sense, the proof has a history. Even more importantly is that Lakatos found patterns in this game of proof and refutation, explaining thereby the title of the book. In this book, writing in a dialogue form, stressing the dynamics of the search for a ‘final’ proof, a totally different picture was drawn of what mathematics is and what it is about. [2:  ‘Fair’ does not necessarily mean historically balanced. A more complete history should deal with the French historico-philosophical approach to mathematics, including such thinkers as Léon Brunschvicg and his pupils Albert Lautman and Jean Cavaillès.] 


2. Kitcher as the next step.
There was not an immediate follow-up, as far as I can see, on Lakatos’ ideas. We had to wait until 1983, when Philip Kitcher proposed in his book The Nature of Mathematical Knowledge [Kitcher 1983] a more or less formal model of how mathematics as an activity can be described, clearly inspired by the developments in the philosophy of science, where attempts to develop formal models have always been present. It is sufficient to think of the logico-mathematical work of Joseph Sneed, formalizing a Kuhnian outlook, as a prime example, see [Sneed 1971]. However Kitcher’s approach is definitely not a continuation of what Lakatos had initiated. For one thing, Kitcher discusses philosophical problems that clearly belong to the traditional philosophy of mathematics, such as questions of realism, of the existence of mathematical objects, of our capability (or lack of it) to get to know these objects, and so forth. In short, in Kitcher’s approach we get a mixture of the more radical Lakatosian view and more traditional philosophy of mathematics, using a Kuhnian framework to accommodate both. The Kitcherian outlook proved to be more successful, as several authors embraced this trend, as is shown in subsequent volumes that made connections between philosophy and history of mathematics, witness [Tymoczko 1985] and [Aspray & Kitcher 1988][footnoteRef:3]. [3:  Of course all contributions by historians of mathematics should be mentioned here but that would double the length of this paper.] 


3. A tension is introduced to stay.
This initial tension between Lakatos and Kitcher has never left (up to now) the study of mathematics through its practices. The nature of that tension is anything but new. We have known it in the philosophy of science in the form of the context of discovery versus context of justification divide. A justification is preferably seen as something independent from the discovery process. In other words, if I need to justify something, I need not wonder about how it is has been found. In the case of mathematics, if such an independence holds, then I only need to look at the finished proof, the final version and wonder whether or not I can justify that this text that claims to be a proof, indeed is a proof. The processes that led to the proof are of no importance. Lakatos’ claim is exactly the opposite: to make sense of how mathematics develops, an understanding of these discovery processes is essential. Kitcher is prepared not to defend the totally independence view but is willing to allow such elements from the practices that are necessary to understand the final results, in most case, the proofs. All this means that, right from the start, two approaches were being initiated and developed. Has the situation changed must since then? To be honest, not that much.
Paolo Mancosu in [Mancosu 2008, p. 3] identifies two main traditions within this new research “paradigm”, the study of mathematical practices. The first is, what he calls, the ‘maverick’ tradition which remains close(r) to the Lakatosian approach[footnoteRef:4], while the second one settles itself within the modern analytical tradition, thus remaining closer to Kitcher than to Lakatos, and focuses, among other things, on the naturalizing programme that started with Willard V. O. Quine, and where, e.g., Penelope Maddy, see, e.g., [Maddy 1997] has played and still plays an important role. However within this analytical tradition two approaches can be identified. As an example, think of proofs that involve the use of computers. How to study this phenomenon? At least two attitudes are possible: either ask the mathematicians and if they tell you that they consider it to be a proof, that is what should be reported, together with the reasons and arguments why they believe so, or make a study of the nature of such proofs, how mathematicians handle them and establish whether they can be considered to be genuine proofs and, if not, report back to the mathematicians that they have a problem. The former is more descriptive whereas the latter is more normative. All this means that we can identify  [4:  The author of this paper is supposed to belong to this tradition and I do most certainly not object!] 

three major approaches in the philosophy of mathematical practice:
(a) The Lakatosian approach, also called the ‘maverick’ tradition,
(b) The descriptive analytical naturalizing approach,
(c) The normative analytical naturalizing approach.
This, however, is absolutely not the end of the story.

4. Enter the sociologists, educationalists and ethnomathematicians.
One might be amazed by the fact that I did not explicitly include historians in this section’s title. The obvious answer, I believe, is that they do not need to enter for they are already inside (and for quite some time for that matter). In other words, there are well established connections between mathematics, the history of mathematics and the philosophy of mathematics.
Independently of these developments in the philosophy of mathematics, but also partially inspired by Lakatos as well as Thomas Kuhn, some researchers developed a sociology of mathematics, where one of the major focuses was mathematical practice as a group or community phenomenon. Two works should be mentioned in this line: David Bloor’s Knowledge and Social Imagery [Bloor 1976] and Sal Restivo’s The Social Relations of Physics, Mysticism, and Mathematics [Restivo 1985]. In contrast with history and philosophy of mathematics, the sociological approach did not merge easily with the mentioned traditions, see, e.g., [Restivo, Van Bendegem & Fischer 1993]. Plenty of reasons can be listed but surely one of the corner elements is the internal-external debate, yet another tension to be introduced in the framework: does mathematics develop according to ‘laws’ or patterns that are internal to mathematics (and, as a consequence, independent or at least marginally influenced at most by external ‘laws’ or patterns), or, on the contrary, do external elements contribute and, if so, in what way(s)?
One outcome of these discussions has been to draw the attention to other, so far neglected, areas where mathematics is involved, prominently mathematics education and ethnomathematics. To avoid all misunderstandings, I do not mean, of course, that these domains did not exist before the practice turn in the philosophy of mathematics, witness on the one hand the pioneering work[footnoteRef:5] of Pólya, that has already been mentioned, and, on the other hand, the equally pioneering work of Ubiratan D’Ambrosio[footnoteRef:6]. Quite the opposite but they were not perceived as being relevant to the philosophy of mathematics. In the standard view, mathematics educators are interested in how pupils can learn to grasp the concept of a mathematical proof or the certainty involved in a geometric construction or develop the ability to translate a verbal problem into a mathematical problem. That, of course, had little or nothing to do with questions such as what are reliable foundations for the whole of mathematics and is set theory a better or worse candidate than category theory (to name the two, rather unequal, rivals at the present moment). In that very same standard view, ethnomathematics is a branch of anthropology and, as such, not relevant to a study of a high-level abstract mathematical problem in western mathematics.  [5:  Today one of the core figures in the field is Alan Bishop, see [Bishop 1988]. See also [François & Van Bendegem 2007].]  [6:  Although the first time the concept is mentioned in a paper is 1985, see [D’Ambrosio 1985], informally the term was circulating much earlier and even in the 1985 paper it is clear that the Lakatos approach did not play a role.] 

From the practice point of view, however, the links are evident. Firstly, practices are “carried” by people and people have to be educated, that forges the link with education, and, secondly, practices are socially embedded and thus culturally situated, that forges the link with ethnomathematics. Or, if you like, educations concerns the diachronic dimension of how mathematical knowledge is situated in time, whereas ethnomathematics concerns the synchronic dimension of how mathematical knowledge is situated in space. Finally, it must be added that mathematics education and ethnomathematics have an extensive, non-empty intersection.
And still the picture is not complete.

5. Brain and cognition complete the picture.
Other sciences play a part as well and I just mention the two most important ones, namely (evolutionary) biology and (cognitive) psychology. In the first field, the challenge is to determine how much mathematical knowledge is biologically, perhaps genetically, encoded in the human body and how it affects our mathematical abilities. The work of, e.g., Stanislas Dehaene, see [Dehaene & Brannon 2011] for an excellent overview, is the best illustration of this type of work. It involves as well comparisons between humans and other animals, leading, by the way, to quite intriguing results such as the fact that basic mathematical capabilities are definitely not exclusively human. In the second field, one of the main topics is the study of human thinking and, quite trivially, since mathematical thinking is a perhaps highly particular and extraordinary form of thinking, it should and does attract their attention. What immediately comes to mind is the well-known study of George Lakoff and Rafael Núñez, see [Lakoff & Núñez 2000]. And, to further increase the complexity, these studies can range from brain activity studies of mathematical tasks human subjects have to perform, to interviews with mathematicians on the way they (think they) solve mathematical problems.
We did already identify three major approaches in the philosophy of mathematical practice whereto five approaches need to be added:
(a) The Lakatosian approach, also called the ‘maverick’ tradition,
(b) The descriptive analytical naturalizing approach,
(c) The normative analytical naturalizing approach,
(d) The sociology of mathematics approach,
(e) The mathematics educationalist approach,
(f) The ethnomathematical approach,
(g) The evolutionary biology of mathematics,
(h) The cognitive psychology of mathematics.
A complex picture indeed!

6. Conclusion: working in different “registers”.
One of the major consequences of the complexity of this situation as sketched above, is that, as a philosopher-mathematician myself, I find that I have to work in different “registers” when reading different texts in the field (or that I, at least, consider to be relevant). There is a world of difference reading papers (a) on representations of numbers in the brain, or (b) on a cognitive-analytical approach to the use of diagrams in mathematical reasoning, where the thought processes are described in detail, or, (c) on a sociological analysis of the mathematical concepts of space and time, where anthropological methodologies are of crucial importance to be aware of possible cultural biases, or, finally, (d) a formal approach to what explanatory strength of proofs could be.
Let there be no mistake: one might think that perhaps we are dealing here with a division of labour of a vast field to explore, but such a division suggests that all the parts can be put together again to form a minimally coherent whole. And that is (at present) definitely not the case. There are, as I have indicated, fundamental oppositions and tensions at play. Therefore, it follows, I believe, that the two major tasks for the future are, first, to develop a greater coherence in the field and, two, to keep the conversation going with the other philosophers of mathematics (that so far have not been mentioned)[footnoteRef:7]. [7:  A short historical note: in 2002 a conference was organized in Brussels, Belgium, where the organizers, Jean Paul Van Bendegem and Bart Van Kerkhove, tried to realize their ambition in bringing together representatives of some of the disciplines mentioned, see [Van Kerkhove & Van Bendegem 2007]. There was a follow-up conference in 2007, whereof the proceedings were published in two volumes: see [Van Bendegem, De Vuyst & van Kerkhove 2010] and [Van Kerkhove 2009].] 
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